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CONFORMAL ANTI-INVARIANT SUBMERSIONS FROM ALMOST 

HERMITIAN MANIFOLDS 


Mehmet Akif AKYOL, Bayram §AHiN 


Abstract 

We introduce conformal anti-invariant submersions from almost Hermitian manifolds 
onto Riemannian manifolds. We give examples, investigate the geometry of foliations 
which are arisen from the dehnition of a conformal submersion and hnd necessary and 
sufficient conditions for a conformal anti-invariant submersion to be totally geodesic. 
We also check the harmonicity of such submersions and show that the total space has 
certain product structures. Moreover, we obtain curvature relations between the base 
space and the total space, and hnd geometric implications of these relations. 

Keywords: Riemannian submersion. Anti-invariant submersion, Conformal submersion, con¬ 
formal anti-invariant submersion. 


1. Introduction 

One of the main method to compare two manifolds and transfer certain structures 
from a manifold to another manifold is to dehne appropriate smooth maps between 
them. Given two manifolds, if the rank of a differential map is equal to the dimension 
of the source manifold, then such maps are called immersions and if the rank of a dif¬ 
ferential map is equal to the target manifold, then such maps are called submersions. 
Moreover, if these maps are isometry between manifolds, then the immersion is called 
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isometric immersion (Riemannian submanifold) and the submersion is called Riemann- 
ian submersion. Riemannian submersions between Riemannian manifolds were studied 
by O’Neill [I6] and Gray [9], for recent developments on the geometry of Riemannian 
submanifolds and Riemannian submersions, see: [3] and |^, respectively. 

On the other hand, as a generalization of Riemannian submersions, horizontally 
conformal submersions are dehned as follows |2]: Suppose that and {B,gg) are 

Riemannian manifolds and F : M —)■ R is a smooth submersion, then F is called a 
horizontally conformal submersion, if there is a positive function A such that 

\^g^{X,Y) = g^{F,X,F^Y) 

for every X,Y G r{{kerF^)-^). It is obvious that every Riemannian submersion is a 
particular horizontally conformal submersion with A = 1. We note that horizontally 
conformal submersions are special horizontally conformal maps which were introduced 
independently by Fuglede [8] and Ishihara [13]. We also note that a horizontally con¬ 
formal submersion F : M —> B is said to be horizontally homothetic if the gradient 
of its dilation A is vertical, i.e., 

1-L{grad\) = 0 (1.1) 

at p G M, where B is the projection on the horizontal space {kerF^p)^. For conformal 
submersions, see: 0.11,0.0.0 and HU. 

One can see that Riemannian submersions are very special maps comparing with 
conformal submersions. Although conformal maps does not preserve distance between 
points contrary to isometries, they preserve angles between vector helds. This property 
enables one to transfer certain properties of a manifold to another manifold by deforming 
such properties. 

A submanifold of a complex manifold is a complex (invariant) submanifold if the 
tangent space of the submanifold at each point is invariant with respect to the almost 
complex structure of the Kahler manifold. Besides complex submanifolds of a complex 
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manifold, there is another important class of submanifolds called totally real submani¬ 
folds. A totally real submanifold of a complex manifold is a submanifold of such that 
the almost complex structure of ambient manifold carries the tangent space of the sub¬ 
manifold at each point into its normal space. Many authors have studied totally real 
submanifolds in various ambient manifolds and many interesting results were obtained, 
see (0, page:322) for a survey on all these results.. 

As analogue of holomorphic submanifolds, holomorphic submersions were introduced 
by Watson [T^] in seventies by using the notion of almost complex map. This notion 
has been extended to other manifolds, see [7] for holomorphic submersions and their 
extensions to other manifolds. The main property of such maps is that the vertical 
distributions and the horizontal distributions of such maps are invariant with respect 
to almost complex map. Therefore, the second author of the present paper considered 
a new submersion dehned on an almost Hermitian manifold such that the vertical dis¬ 
tribution is anti-invariant with respect to almost complex structure [IB]. He showed 
that such submersions have rich geometric properties and they are useful for investi¬ 
gating the geometry of the total space. This new class of submersions which is called 
anti-invariant submersions can be seen as an analogue of totally real submanifolds in 
the submersion theory. Anti-invariant submersions have been also studied for different 
total manifolds, see: n. la and na. 

As a generalization of holomorphic submersions, conformal holomorphic submersions 
were studied by Gudmundsson and Wood [T2|. They obtained necessary and sufficient 
conditions for conformal holomorphic submersions to be a harmonic morphism, see also 
0.0 and [6] for the harmonicity of conformal holomorphic submersions. 

In this paper, we study conformal anti-invariant submersions as a generalization of 
anti-invariant Riemannian submersions and investigate the geometry of the total space 
and the base space for the existence of such submersions. The paper is organized as 
follows. In the second section, we gather main notions and formulas for other sections. 
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In section 3, we introduce conformal anti-invariant submersions from almost Hermitian 
manifolds onto Riemannian manifolds, give examples and investigates the geometry 
of leaves of the horizontal distribution and the vertical distribution. In section 4, we 
hnd necessary and sufficient conditions for a conformal anti-invariant submersion to be 
harmonic and totally geodesic, respectively. In section 5, we show that there are certain 
product structures on the total space of a conformal anti-invariant submersion. In 
section 6, we study curvature relations between the total space and the base space, hnd 
several inequalities and obtain new results when the inequality becomes the equality. 

2. Preliminaries 

In this section, we dehne almost Hermitian manifolds, recall the notion of {horizon¬ 
tally) conformal submersions between Riemannian manifolds and give a brief review of 
basic facts of {horizontally) conformal submersions. 

Let (M, g) be an almost Hermitian manifold. This means [20] that M admits a tensor 
held J of type (1,1) on M such that, VX, Y G r(TM), we have 

J2 = -/, g{X,Y)=g{JX,JY). (2.1) 

An almost Hermitian manifold M is called Kahler manifold if 

{XxJ)Y = 0, VX,y G r(TM), (2.2) 

where V is the Levi-Civita connection on M. 

Conformal submersions belong to a wide class of conformal maps that we are going 
to recall their dehnition, but we will not study such maps in this paper. 

Definition 2.1. (^)Let ip : {M"^,g) —>■ {N"',h) be a smooth map between Riemannian 
manifolds, and let x & M. Then ip is called horizontally weakly conformal or semicon- 
formal at x if either 
(i) dip,, = 0, or 
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(ii) dipx maps the horizontal space l-ix = {ker((i(y52;)}-‘- conformally onto T^(^x)N, i-e., 
dipx is surjective and there exists a number A(a;) 7 ^ 0 such that 

h{dipx{X), difixiY)) = A{x)g{X, Y) {X, YeHx). (2.3) 

Note that we can write the last equation more succinctly as 

{^*h)x \Ha:xnx= A{x)gx lu^xu^ ■ 

With the above definition of critical point, a point x is of type (i) in Definition 2.1 if 
and only if it is a critical point of (p] we shall call a point of type (ii) a regular point. 
At a critical point, dpx has rank 0; at a regular point, dpx has rank n and (p is a 
submersion. The number A(a;) is called the square dilation (of (p at x); it is necessarily 
non-negative; its square root A(x) = a/A(x) is called the dilation (of p bX x). The map 
p is called horizontally weakly conformal or semiconformal (on M) if it is horizontally 
weakly conformal at every point of M. It is clear that if p has no critical points, then 
we call it a {horizontally) conformal submersion. 

Next, we recall the following definition from [TT]. Let tt : M —)■ A^ be a submersion. 
A vector field i? on M is said to be projectable if there exists a vector field E on N, 
such that d7r{Ex) = E^^t^x) for all x G M. In this case E and E are called tt— related. A 
horizontal vector field Y on (M, g) is called basic, if it is projectable. It is a well known 
fact that if Z is a vector field on N, then there exists a unique basic vector field Z on 
Af, such that Z and Z are tt— related. The vector field Z is called the horizontal lift of 
Z. 

The fundamental tensors of a submersion were introduced in [16] . They play a similar 
role to that of the second fundamental form of an immersion. More precisely, O’Neill’s 
tensors T and A defined for vector fields E, E on M hy 


AeF = VV-heUF + UVueVF 


( 2 . 4 ) 
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TeF = KVveVF + VVvEnF (2.5) 

where V and "H are the vertical and horizontal projections (see 0 ). On the other hand, 
from (12.41) and (12.51) . we have 


VvW = TvW + VvW (2.6) 

VyX = HVvX + TyX (2.7) 

= 71x14 + VVxV" (2.8) 

VxY = nXxY + AxY (2.9) 


for X,Y e r((ker7r*)^) and V,W E r(ker7r*), where Vyl^ = VVyVh. If X is basic, 
then nVvX = AxV. 

It is easily seen that for x G M, X G ?{x and 17 G Va, the linear operators Ty, Ax ■ 
T^M —)■ T^M are skew-symmetric, that is 


-giTyE, F) = g{E, TyE) and - g{AxE, F) = g{E, AxF) 


for all E,F E T^M. We also see that the restriction of T to the vertical distribntion 
T Ivxv is exactly the second fnndamental form of the hbres of vr. Since Ty is skew- 
symmetric we get: vr has totally geodesic hbres if and only if T = 0. For the special 
case when vr is horizontally conformal we have the following: 


Proposition 2.2. Let vr : {M"^,g) {N'^,h) be a horizontally conformal sub¬ 

mersion with dilation A and X, Y be horizontal vectors, then 

-nn- = 1{V [A-. r] - \^g(XX) gradv(7)}. (2.10) 

We see that the skew-symmetric part of A \uxh measures the obstruction integrability 
of the horizontal distribution Ti. 
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We now recall the following curvature relations for a conformal submersion from [TO] 
and [TT] . 

Theorem 2.3. Let m > n>2 and (M™, g, V, R), {N^, h, R^) he two Riemannian 
manifolds with their Levi-Civita connections and the corresponding curvature tensors. 
Let TT : [M, g) {N, h) he a horizontally conformal submersion, with dilation A : M —)■ 
M"*" and let R^ he the curvature tensor of the fibres of tt. If X,Y, Z, H are horizontal 
and U, V, W, F vertical vectors, then 

g{R{U, F) = g{R^{U, y)W, F) + g{TuW, TyF) - g{TvW, TuF), (2.11) 
g{R{U, 1/) W, X) = g{{VuT)vW, X) - g{{XvT)uW, X), (2.12) 

g{R{U, X)Y, V) = g{{XuA)xY, V) + g{AxU, AyV) (2.13) 

- g{{yxT)uY, V) - giTvY, TuX) 

+ \^g{AxY, f/)^(y,gradv(^)), 

g{R{X, Y)Z, H) = ^h{R^{X, Y)Z, H) + \[g{V[X, Z], V[y, H]) (2.14) 

- g{V[Y, Z], V[X, H]) + 2^(V[X, T], V[Z, H])] 

+ y [hiX, Z)g{VY grad(^), H) - g{Y, Z)g{Vx grad(^), H) 

+ g{Y, H)g{Xx grad(^), Z) - g{X, H)g{VY grad(^), Z)] 

+ ^MX,H)g{Y,Z) - g{Y,H)g{X,Z)) || grad(l) f 
+ g{X{^)Y - F(1)X, H{^)Z - Z{^)H)]. 


We also recall the notion of harmonic maps between Riemannian manifolds. Let 
{M,gM) and {N,gx) be Riemannian manifolds and suppose that : M —)■ X is a 
smooth map between them. Then the differential of <p* of ip can be viewed a section of 


8 AKYOL and §AHIN 

the bundle Hom{TM, ip~^TN) M, where ip~^TN is the pullback bundle which has 
hbres {ip~^TN)p = p e M. Hom{TM, (p~^TN) has a connection V induced 

from the Levi-Civita connection and the pullback connection. Then the second 
fundamental form of (p is given by 

(V^.)(A',y) = VJ<p.(F) - (2.15) 

for X,Y E r{TM), where is the pullback connection. It is known that the second 
fundamental form is symmetric. A smooth map p : (M, pm) — t {N, gj^) is said to be 
harmonic if traceiX= 0. On the other hand, the tension held of p is the section 
t{p) of V{p~^TN) dehned by 

m 

t{p) = divp^ = '^{Vp^){ei,ei), (2.16) 

i=l 

where {ei, is the orthonormal frame on M. Then it follows that p is harmonic 

if and only if t{p) = 0, for details, see |2]. 

Finally, we recall the following lemma from j2]. 


Lemma 2.4. (Second fundamental form of an HC submersion) Suppose that p : M ^ 
N is a horizontally conformal submersion. Then, for any horizontal vector fields X, Y 

and vertical vector fields V, W, we have 

{i) Wdp{X,Y)= X{\nX)dp{Y)+ Y{\nX)dp{X) - g{X,Y)dp{gTad\nX); 

(ii) Vdp{V,W)= -dp{AX.W); 

(m) Vdp{X,V) = -dpiy^V) = dp{{Ay\V). 

Here 'Is the adjoint of characterized by 


{{A^YE, F) = {E, A^F) (E, F E r(TM)). 
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3. Conformal Anti-invariant Submersions 


In this section, we define conformal anti-invariant submersions from an almost Her- 
mitian manifold onto a Riemannian manifold and investigate the effect of the existence 
of conformal anti-invariant submersions on the source manifold and the target manifold. 
But we first present the following notion. 

Definition 3.1. Let M be a complex m-dimensional almost Hermitian manifold with 
Hermitian metric g and almost complex structure J and N be a Riemannian mani¬ 
fold with Riemannian metric g'. A horizontally conformal submersion F : {M^,g) 
{N^,g') with dilation X is a called conformal anti-invariant submersion if the distribu¬ 
tion kerF* is anti-invariant with respect to J, i.e., J(kerF*) C (kerF*)-*-. 

Let F : (M, g, J) —>■ [N, g') be a conformal anti-invariant submersion from an almost 
Hermitian manifold {M,g,J) to a Riemannian manifold {N,g'). First of all, from 
Definition 3.1, we have J(kerF*)-*- PikerF* 7 ^ {0}. We denote the complementary 
orthogonal distribution to J(kerF*) in (kerF*)-*- by g. Then we have 


(kerF*)-^ = J(kerF*) © p. 


(3.1) 


It is easy to see that g is an invariant distribution of (ker F*)-*-, under the endomorphism 
J. Thus, for X G r((ker F*)-*-), we have 


(3.2) 


JX = BX + CX, 


where BX G r(kerF*) and CX G T{g). On the other hand, since F*((ker F*)-*-) = TN 
and F is a conformal submersion, using (13.2p we derive -^g'^F^JV, F^CX) = 0, for 
every X G r((ker F*)-*-) and V G r(kerF*), which implies that 


rA^ = F*(J(kerF*))©F*(^). 


(3.3) 
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Example 3.2. Every anti-invariant Riemannian submersion is a conformal anti-invariant 
submersion with X = I, where I is the identity function. 

We say that a conformal anti-invariant submersion is proper if A 7 ^ /. We now 
present an example of a proper conformal anti-invariant submersion. In the following 
p^ 2 m (denotes the Euclidean 2m-space with the standard metric. An almost complex 
structure J on is said to be compatible if J) is complex analytically isometric 
to the complex number space C™ with the standard flat Kahlerian metric. We denote 
by J the compatible almost complex structure on dehned by 

J{a\ ..., a'™) = (-a^ a\ ..., -a'™, 

Example 3.3. Let F be a map defined by 
F: ^ 

(xi, X2, X3, X4) sinx4, COSX4). 

Then F is a conformal anti-invariant submersion with X = e^^. 

Lemma 3.4. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have 

g{CY, JV) = 0 (3.4) 

and 

g{VxCY, JV) = -g{CY, JAxV) (3.5) 

for X,Y e r((kerF,)^) and V G r(kerF,). 

Proof. For Y G r((ker F*)-*-) and V G r(kerFi,), since BY G r(kerFi,) and JV G 
r((ker F*)-*-), using fl2.ip . we get fl3.4p . Now, using fl3.4p . fl2.2p and fl2.8p we obtain 


g{VxCY, JV) = -g{CY, JAxV) - g{CY, JVVxV). 
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Since JWxV G r(JkerF*), we obtain fl3.5p . □ 

We now stndy the integrability of the distribntion (kerF*)-*- and then we investigate 
the geometry of leaves of kerF* and (kerF*)-*-. We note that it is known that the 
distribntion ker F* is integrable. 

Theorem 3.5. Let F he a conformal anti-invariant submersion from a Kdhler man¬ 
ifold {M,g,J) to a Riemannian manifold {N,g'). Then the following assertions are 
equivalent to each other; 

a) (kerF*)-*- is integrable, 

b) ^g'iy^F.CX - V^F.CY, F,JV) = g{AxBY - AyBX, JV) 

-g{H grad In A, CY)g{X, JV) 

+g{H grad \n\,CX)g{Y, JV) 

-2g{CX, Y)g{H grad In A, JV) 

for X,Y e r((kerF*)^) and V G r(kerF*). 

Proof. For Y G r((ker F*)-*-) and V G r(kerF*), we see from Dehnition 13.11 JV G 
r((ker F*)-*-) and JY G r(kerF*©/i). Thus using fl2.ip and fl2.2p . for X G r((ker F*)-*-) 
we get 

g{\X, Y],V) = giyxJY, JV) - giXyJX, JV). 

Then from (13.21) we have 

g{[X, Y],V)= giyxBY, JV) + gi^xCY, JV) 

- giVyBX, JV) - g{VyCX, JV). 

Since F is a conformal submersion, using (12.81) and (12.bh we arrive at 

g{[X, Y],V)= g{AxBY-AyBX, JV)+^g'{F,VxCY, F,JV)-^g\F,VyCX, F,JV). 
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Thus, from fl2.15p and Lemma 12.41 (i) we derive 

g{[X, y], i/) = g{AxBY - AyBX, JV) - g{U grad In A, X)g{CY, JV) 

-g{H grad In A, CY)g (X, JV) + g{X,CY)g{H grad In A, JV) 

+ l^g'iyF,xF.CY, FJV) + grad In A, Y)g{CX, JV) 

+ g{H grad In A, CX)g{Y, JV) - g{Y, CX)g{H grad In A, JV) 
-^g\VF.YF,CX,F,JV). 

Moreover, using (13.dj) . we obtain 

g{[X, Y],V) = g{AxBY - AyBX, JV) - g{U grad In A, CY)g{X, JV) 

+ g{H grad In A, CX)g{Y, JV) - 2g{CX, Y)g{H grad In A, JV) 

- ^g'iVF^YF^CX - Xf.xF^CY, F,JV), 

which proves (a) {b). □ 

From Theorem 13.51 we deduce the following which shows that a conformal anti¬ 
invariant submersion with integrable (ker F*)’’" turns out to be a horizontally homothetic 
submersion. 


Theorem 3.6. Let F he a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then any two conditions below imply the 
three: 

(i) (kerF*)-*- is integrable 

{ii) F is horizontally homotetic. 

(Hi) g'iV^F.CX - V^F.CY, FJV) = \^g{AxBY - AyBX, JV) 
forX,Y e r((kerF,)^) and V E r(kerF,). 
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Proof. For X,Y E r((ker F*)-*-) and V E r(kerF=), from Theorem I3.5[ we have 

g{[X, y], y) = g{AxBY - AyBX, JV) - g{U grad In A, CY)g{X, JV) 

+ g{Hgi&dl-a \ CX)g{Y, JV) -2g{CX, Y)g{Hgia.<l\n\ JV) 

- ^g'iyF^yF^CX - Xp^xF^CY, FJV). 

Now, if we have [i) and (nz), then we arrive at 

gradlnA, CY)g{X, JV) + g{Hgia.<l\Yi\CX)g{Y, JV) 
-2g{CXX)9{Bgi&<l\nX,JV) =0. (3.6) 

Now, taking Y = .JV in fl3.6p for V E r(fcerF*) and nsing fl3.4l) . we get 

g{ngTad\nX,CX)g{V,V) = 0. 

Hence A is a constant on r(^). On the other hand, taking Y = CX in fl3.6p for X E r(/i) 
and using (13.41) we derive 

-g(n grad In A, C^X)g(X, JV)+g(n grad In A, CX)g(CX, JV) 

-2g(CX, CX)g(ngradlnX,JV) =0, 

hence, we arrive at 

g(CX, Cd^) 9 (Bgradln X, JV) = 0. 

From above equation, A is a constant on F(J(kerF*)). Similarly, one can obtain the 
other assertions. □ 


We say that a conformal anti-invariant submersion is a conformal Lagrangian sub¬ 
mersion if J(kerF*) = (kerF*)-*-. From Theorem 13.51 we have the following. 
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Corollary 3.7. Let F : —>■ {N,g') be a conformal Lagrangian submersion, 

where (M, g, J) is a Kdhler manifold and {N, g') is a Riemannian manifold. Then the 

following assertions are equivalent to each other; 

(z) (kerF*)-*“ is integrable. 

(ii) AxJY = AyJX 

(zn) (VF*)(r, JX) = (VF*)(X, JY) 
for X,Y e r((kerF*)^). 

Proof. For X,Y ^ r((ker F*)-*-) and V G r(kerF*), we see from Definition 13.11 JV G 
r((ker F*)-*-) and JY G r(J(kerF*)). From Theorem 13.51 we have 

g{[X, Y],V) = g{AxBY - AyBX, JV) - g{U grad In A, CY)g{X, JV) 

+ g{H^fi<l\n\,CX)g{Y,JV)-2g{CX, y)^CHgradln A, JD) 

- ^g'{yF,YF,,CX - Vf^xF.CY, FJV). 

Since F is a conformal Lagrangian snbmersion, we derive 

g{[X, D], D) = g{AxBY - AyBX, JV) = 0 

which shows (z) 4=> (zz). On the other hand using Definition 13.11 and fl2.8p we arrive at 

g{AxBY, JV) - giAyBX, JV) = ^g\F,,AxBY, F,JV) - ^gfF^AyBX, F,JV) 

= ^g\F,{XxBY),F,JV) - ^^'(F,(VyFX), F,JD). 

Now, using fl2.15p we obtain 

^{g’{F,{VxBY), F,JV) - gfF^VyBX), F,JV)} 

= ^g'{-{VF,){X, BY) + Vf,xF.BY,F,JV) 

- BX) + Vf,yF,BX, F,JV) 
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= ^{g'{{VF,){Y,BX) - {VF,){X,BY),F,JV) 

which tells that (u) (Hi). □ 

For the geometry of leaves of the horizontal distribution, we have the following the¬ 
orem. 

Theorem 3.8. Let F be a conformal anti-invariant submersion from a Kdhler man¬ 
ifold {M,g,J) to a Riemannian manifold {N,g'). Then the following assertions are 
equivalent to each other; 

{i) (kerF*)-*- defines a totally geodesic foliation on M. 

{it) j,g'{VF^xF,CY,F,JV)= -g{AxBY, JV) + g{'HgTa.dlnX,CY)g{X, JV) 

-gin grad In A, JV)g{X, CY) 
for X,Y e r((kerF*)^) and V E r(kerF,). 

Proof From (EH]), (EEj), (ES|), (E3|), (|0) and (ITT]) we get 

g{VxY, V) = g{AxBY, JV) + giUVxCY, JV). 

Since F is a conformal submersion, using (I2.15p and Lemma 12.41 (i) we arrive at 

g{VxY,V) = g{AxBY,JV) - ^giUgreidln X,X)g'{F,CY,F,JV) 

- ^g{ngTad\nX,CY)g'{F,X,F,JV) + ^g{X, CY)g'{F,{gT8.d\n X), F,JV) 
+ ^g'{VF^xF,CY,F,JV). 

Moreover, using Definition 13. II and (13.dh we obtain 

g{VxY, V) = g{AxBY, JV) - g{H grad In A, CY)g{X, JV) 

+ g{H grad In A, JV)g{X, CY) + ^g\XF,xF,CY, FJV) 


which proves (z) -v^ {ii). 


□ 
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From Theorem I3.8[ we also deduce the following characterization. 

Theorem 3.9. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then any two conditions below imply the 
three: 

{i) (kerF*)-*- defines a totally geodesic foliation on M. 

(a) F is horizontally homotetic. 

(^^^) g'iVp^xF^CY, F,JV) = -X^g{AxBY, JV) 
forX,Y e r((kerF,)^) and V E r(kerF,). 

Proof. For X,Y E F((ker F*)-*-) and V E F(kerF*), from Theorem 13.81 we have 

g{VxY, V) = g{AxBY, JV) - gifU grad In A, CY)g{X, JV) + g{n grad In A, JV)g{X, CY) 
+ ^g'iyF,xF.CY,FJV). 

Now, if we have {i) and {Hi), then we obtain 

-g{H grad In A, CY)g{X, JV) + g{H grad In A, JV)g{X, CY) =0. (3.7) 

Now, taking X = CY in (1^ and using ((331), we get 

g{HgTad\nX,JV)g{CY,CY) = 0. 

Thus, A is a constant on F(J(kerF*)). On the other hand, taking X = JV in (13.7p and 
using fl3.4D we derive 

giUgiadhi X,CY)g{V,V) = 0. 

From above equation, A is a constant on F(/i). Similarly, one can obtain the other 
assertions. □ 


In particular, if F is a conformal Lagrangian submersion, then we have the following. 
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Corollary 3.10. Let F : {M,g,J) {N,g') be a conformal Lagrangian submersion, 

where (M, g, J) is a Kdhler manifold and {N, g') is a Riemannian manifold. Then the 

following assertions are equivalent to each other; 

{i) (kerF*)-*- defines a totally geodesic foliation on M. 

(ii) AxJY = 0 

(zn) (VF*)(X, jy) = 0 
for X,Y e r((kerF*)^). 


Proof. For X,Y E r((ker F*)-*-) and V G r(kerF*), we see from Definition 13.11 JV G 
r((ker F*)-*-) and JY G r(J(kerF*)). From Theorem 13.81 we have 

g(VxY, V) = g(AxBY, JV) - grad In A, CY)g(X, JV) + grad In A, JV)g{X, CY) 

+ ^g'iyF,xF.CY,F,JV). 

Since F is a conformal Lagrangian snbmersion, we derive 

g{XxY,V)=g{AxBY,JV) 

which shows (z) (zz). On the other hand nsing fl2.8l) we get 

g{AxBY,JV)=g{VxBY,JV). 

Since F is a conformal snbmersion, we have 

g{AxBY,JV) = ^g\F,VxBY,F,JV). 

Then nsing (12.151) we get 

g{AxBY,JV) = -^g\{XF,,){X,BY),F,JV) 
which tells that (zz) ^ (zzz). □ 
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In the sequel we are going to investigate the geometry of leaves of the distribution 
her F*. 


Theorem 3.11. Let F : {M,g, J) {N,g') be a conformal anti-invariant submersion, 
where {M,g, J) is a Kdhler manifold and {N,g') is a Riemannian manifold. Then the 
following assertions are equivalent to each other; 

(i) her F* defines a totally geodesic foliation on M. 

{ti) -j^g'{VF,jwF*JV,F,JCX)= g{TvJW,BX) + g{JW, JV)g{V.gia.d\n\, JCX) 
for V,We r(ker F*) and X e r((ker F,)^). 


Proof. For V,W E r(ker F*) and X G r((ker F*)-*-), from fl2.ip . fl2.2p . fl2.7p and fl3.2p we 
get 

g{VvW, X) = g{TvJW, BX) + g{HVvJW, CX). 

Since V is torsion free and [V, JW] G r(kerF*), we obtain 

g{VvW, X) = g{TvJW, BX) + g{VjwV, CX). 

Using (I22D and (EH) we have 

g{VvW,X) = g{TvJW,BX) + g{VjwJV,JCX), 

here we have used that g is invariant. Since F is a conformal submersion, using fl2.15p 
and Lemma 12.41 (i) we obtain 

g(yvW,X) = g{TvJW,BX) - ^gCHgradlnX, JW)g'{F,JV, F,JCX) 

- ^g{ngmd\nX,JV)g'{F,JW,F,JCX) + g{.JW, JV)^g'{F,gmd\nX, F,JCX) 

A^ 

+ ^g'{XF,jwF,JV,F,JCX). 














CONFORMAL ANTI-INVARIANT SUBMERSIONS 


19 


Moreover, using Definition 13.11 and (13.4p we derive 

g{VvW,X) = giTvJW, BX) + g{JW, JV)g{Hgi&<l\n\ JCX) 

+ ^g'{VF.jwF.JV,F,JCX) 

which proves (z) -v^ (n). □ 

From Theorem 13.111 we deduce have the following result. 

Theorem 3.12. Let F he a conformal anti-invariant submersion from a Kdhler mani¬ 
fold {M,g, J) to a Riemannian manifold {N,g'). Then any two conditions below imply 
the three: 

{i) ker F* defines a totally geodesic foliation on M. 

{ii) X is a constant on 

{Hi) ^g'iVp^jwF.JV, F,JCX) = -g{TvJW, JX) 
for V,We r(kerF,) and X e r((kerF*)^). 

Proof. For V, IF G F(kerF.) and X G F((ker F*)■'■), from Theorem 13.111 we have 
g{XvW,X) = g{TvJW,BX)+g{JW,JV)g{'Hgreid\nX,JCX)+^g'{XF.jwF,JV,F,JCX). 
Now, if we have (z) and {Hi), then we get 

g{JW, JV)g{H giadlnX, JCX) = 0. 

From above equation, A is a constant on F(/i). Similarly, one can obtain the other 
assertions. □ 

If F is a conformal Lagrangian submersion, then fl3.3l) implies that TN = F*( J(ker F*)). 


Hence we have the following. 
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Corollary 3.13. Let F : {M,g,J) {N,g') be a conformal Lagrangian submersion, 

where {M,g, J) is a Kdhler manifold and {N,g') is a Riemannian manifold. Then the 

following assertions are equivalent to each other; 

{i) ker F* defines a totally geodesic foliation on M. 

ill) TvJW = 0 
forV,W e r(kerF*). 

Proof. For V, IF G r(kerF*) and X G r((ker F*)-*-), from Theorem 13.111 we have 
g{VvW,X) = g{TvJW,BX)+g{JW, JV)g{n giadlnX, JCX)+^g'{V f^jwF^JV, F^JCX). 
Since F is a conformal Lagrangian snbmersion, we get 

g{XvW,X)=g{TvJW,BX) 


which shows (i) (ii). 


□ 


4. Harmonicity of Conformal Anti-invariant Submersions 

In this section, we are going to find necessary and snfficient conditions for a confor¬ 
mal anti-invariant snbmersions to be harmonic. We also investigate the necessary and 
snfficient conditions for snch snbmersions to be totally geodesic. 

Theorem 4.1. Let F : 5 ', J) —)■ ^f') be a conformal anti-invariant 

submersion, where (M, g, J) is a Kdhler manifold and {N, g') is a Riemannian manifold. 
Then the tension field t of F is 

+ (^ - ("i + 2r))F*(gradln A) {p^jv) 

+ (^ - (m + 2r))F*(grad In A) 1^^^) 

where is the mean curvature vector field of the distribution o/kerF*. 
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Proof. Let {ei,e^, Je-i, Jem, /Ui, Pr, JfJ-r, ■■■, JPr} be an orthonormal basis of 
r(TM) such that {ei,...,em} is orthonormal basis of r(kerF*), {Jei,Jem} is or¬ 
thonormal basis of r( Jker F*) and {/Ui,J/i ,.,J ^r} is orthonormal basis of r(/i). 
Then the trace of second fundamental form (restriction to kerF* x kerF*) is given by 

m 

frace^“^*VF* = 5^(VF*)(ei, e,). 

i=l 

Then using (12.151) we obtain 

frace^'^’'^*VF* = --F*(/i'^“^*). (4.2) 

m 

In a similar way, we have 

m 2r 

= ^(VF*)(Jei, Ja) + 5^(VF,)(/i,,/i^). 

^=1 i=l 

Using Lemma [2.41 (i) we arrive at 

m 

2gf(gradIn A, Jei)F^{Jei) — mF*(gradln A) 

i=l 

2r 

+ 2^(gradlnA,/ii)F4/ii) - 2rF*(gradln A). 

i=l 

Since F is a conformal anti-invariant submersion, we derive 

trace^^^^^*^^'VF^, = ^ 2— 5 f'(F*(grad In A), F*( Jej))F*( Je*) - mF*(gradlnA) 

i=l 

2r ^ 

+ ^2—^'(F*(gradlnA),F*(/Ui))-^*(h*) “ 2rF*(gradln A) (4.3) 
2=1 

2 2 
= (^(2 “ ("i + 2r))F4gradlnA) |f*(jv) +(^ 

-{m + 2r))F*(gradln A) . 


Then proof follows from fl4.2p and fl4.3p . 


□ 
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From Theorem 14.11 we deduce that: 

Theorem 4.2. Let F : , g, J) —>• , g') be a conformal anti-invariant 

submersion such that ^ {M,g, J) is a Kdhler manifold and {N,g') is 

a Riemannian manifold. Then any three conditions below imply the fourth: 

{i) F is harmonic 

{ii) The fibres are minimal 
{Hi) X is a constant on r(JkerF*) 

{iv) X is a constant on T{g). 

Proof. From fl4.ip . we have 

+ (^ - ("i + 2r))F*(gradln A) \f,{jv) 

+ (^ - (m + 2r))F*(gradlnA) ■ 

Now, if we have (i), {ii) and {Hi) then A is a constant on F(/r). □ 

We also have the following result. 

Corollary 4.3. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). If ~ then F is harmonic if and 

only if the fibres are minimal. 

Now we obtain necessary and sufficient condition for conformal anti-invariant sub¬ 
mersion to be totally geodesic. We recall that a differentiable map F between two 
Riemannian manifolds is called totally geodesic if 

(VF*)(X, Y) = 0, for all X, R e F(rM). 

A geometric interpretation of a totally geodesic map is that it maps every geodesic in 
the total space into a geodesic in the base space in proportion to arc lengths. 

Theorem 4.4. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g,J) to a Riemannian manifold {N,g'). Then F is a totally geodesic map if and 
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only if 


= F,{J{AxJY, + VVxBY 2 + AxCY^) + C{HVxJYi 
+ AxBY^ + HVxCY^)) (4.4) 

for any X,Y = Yi + F 2 G r(TM), where Yi e r(kerF*) and Y 2 G r((ker F*)-*-). 

Proof. Using (12.21) and (I2.15p we have 

(VF*)(X, Y) = W^xF.Y + F,{JVxJY) 

for any X,Y eT{TM). Then from fl2.8p and fl3.2l) we get 

(VF*)(X, Y) = V^xF*Y + F,{JAxJY^ + BVX/xJYi + CHVxJYi + BAxBY2 
+ CAxBY2 + JVVxBY2 + JAxCY2 + BHV xCY2 + CVX/XCY 2 ) 

for any Y = Yi + Y 2 E r(TM), where Yi E r(kerF.) and 12 £ r((kerF=)“*“). Thus 
taking into account the vertical parts, we hnd 

(VF*)(X, Y) = X^xF.Y + F,{J{AxJY, + VXxBY2 + AxCY2) + CifUXxJY^ 
+AxBY2 + VX/xCY2)). 

Thus (VF.)(X, U) = 0 if and only if the equation (14.4p is satished. □ 

We now present the following dehnition. 

Definition 4.5. Let F he a conformal anti-invariant submersion from a Kdhler mani¬ 
fold (M, g, J) to a Riemannian manifold {N, g'). Then F is called a (Jker F^,, g,)-totally 
geodesic map if 


{XF,){JU,X) = 0, for U E r(ker F*) and X E r((kerF*)^). 
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In the sequel we show that this notion has an important effect on the character of 
the conformal submersion. 

Theorem 4.6. Let F he a eonformal anti-invariant submersion from a Kdhler manifold 
{M,g,J) to a Riemannian manifold {N,g'). Then F is a {J ker F^, fv)-totally geodesic 
map if and only if F is horizontally homotetic map. 

Proof. For U G r(ker F*) and X G r(/i), from Lemma [2.41 (i), we have 

= JU{\n\)F,{X) + X{\nX)F,{JU) - g{JU,X)F,{gia.d\n\). 

From above equation, if F is a horizontally homotetic then {'VF^){JU, X) = 0. Con¬ 
versely, if (VF^){JU, X) = 0, we obtain 

JU{\nX)F,{X) + X{\nX)F4JU) =0. (4.5) 

Taking inner product in (14.51) with Ft,{JU) and since F is a conformal submersion, we 
write 


g{gT&d\nX,JU)g'{F,X,F,JU) + g{gT&d\n X, X)g'{F,JU, F,JU) = 0. 

Above equation implies that A is a constant on F(//). On the other hand, taking inner 
product in fl4.5p with F^X, we have 

^(gradlnA, Jt/)^'(F*X,F,A:) + c?(gradln A, A:)^'(F* Jf/, F,X) = 0. 

From above equation, it follows that A is a constant on F(J(kerF*)). Thus A is a 
constant on F((ker F*)-*“). Hence proof is complete. □ 

Here we present another result on conformal anti-invariant submersion to be totally 


geodesic. 
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Theorem 4.7. Let F he a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then F is a totally geodesic map if and 
only if 

(i) TuJV = 0 and HVuJV G r(JkerF*), 

{ii) F is horizontally homotetic map, 

(Hi) VvBX + TvCX = 0 

TvBX + nVvCX G r(Jker F*) 
forX,Y e r((kerF*)^) and U,V e r(kerF*). 


Proof. For any U,V E r(ker F*), from (12.21) and (12.151) we have 

{VF,){U,V) = F,{JVuJV). 

Then (13.21) and (12.7p implies that 

(VF*)([/, V) = F,{JTuJV + CnXuJV). 

From above eqnation, (VF*)(17,1/) = 0 if and only if 

F,{JTuJV + CnXuJV) = 0. (4.6) 

This implies TuJV = 0 and TLXuJV G F(JkerF*). On the other hand, from Lemma 
12.41 (i) we derive 

(VF,)(X, y) = X(lnA)F4y) + r(lnA)F4X) - g(X,r)F4gradlnA) 

for any X,Y E F(/i). It is obvions that if F is horizontally homothetic, it follows that 
(VF*)(X, T) = 0. Conversely, if (VF*)(X, T) = 0, taking Y = JX in above eqnation, 
we get 


X(\nA)F,{JX) + JX(lnA)F*(X) = 0. 


(4.7) 
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Taking inner product in fl4.7p with F^,JX, we obtain 

g{gTad\nX,X)X‘^g{JX,JX)+g{gTad\nX,JX)X‘^g{X,JX) = 0. (4.8) 

From fl4.8p . A is a constant on r(/u). On the other hand, for U,V & r(kerF*), from 
Lemma 12.41 (i) we have 

{VF,){JU,JV) = JU{\nX)F,{JV) + JV{\n X)F,{JU) - g{JU, JV)F,{gTad\n X). 

Again if F is horizontally homothetic, then (VF*)( Jf/, JV) = 0. Conversely, if (VF*)( Jf/, JV) 
0, putting U instead of V in above equation, we derive 

2JU{\nX)F,{JU) - g{JU, Jt/)F*(gradln A) = 0. (4.9) 

Taking inner product in fl4.9l) with F^,JU and since F is a conformal submersion, we 
have 


g{JU, JF)A2^(gradlnA, JU) = 0. 

From above equation, A is a constant on F( Jker F*). Thus A is a constant on F((ker F*)-*“). 
Now, for X G F((ker F*)-*-) and V G F(kerF*), from fl2.2l) and fl2.15p we get 

(VF*)(X, V) = F^JVvJX). 

Using (1^ and flOl we have 

(VF,)(X, V) = F^CTvBX + JVyBX + CHXvCX + JTyCX). 


Thus (VF*)(A:, U) = 0 if and only if 


F,{CTvBX + JVvBX + CUXvCX + JTyCX) = 0. 


Thus proof is complete. 


□ 
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5. Decomposition Theorems 

In this section, we obtain decomposition theorems by using the existence of conformal 
anti-invariant submersions. First, we recall the following results from im. Let g he a 
Riemannian metric tensor on the manifold B = M x N and assume that the canonical 
foliations Dm and Djv intersect perpendicularly everywhere. Then g is the metric tensor 
of 

(i) a twisted product M Xf N if and only if Dm is a totally geodesic foliation and 
Dtv is a totally umbilic foliation, 

(ii) a warped product M Xf N if and only if Dm is a totally geodesic foliation and 
Dn is a spheric foliation, i.e., it is umbilic and its mean curvature vector held is parallel. 

(hi) a usual product of Riemannian manifolds if and only if Dm and Dm are totally 
geodesic foliations. 

Our hrst decomposition theorem for a conformal anti-invariant submersion comes 
from Theorem 13.81 and Theorem 13. Ill in terms of the second fundamental forms of such 
submersions. 

Theorem 5.1. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g,J) to a Riemannian manifold {N,g'). Then M is a locally product manifold if 
and only if 

^g'{VF,xF.CY, F,JV) = -g{AxBY, JV) + grad In A, CY)g{X, JV) 

- g{U grad In A, JV)g{X, CY) 


and 

-^g'i^F.jwF.JV, F,JCX) = g{TvJW, BX) + g{JW, JV)g{ngiadinX, JCX) 
for V,We r(kerF,) and X,Y E r((kerF*)^). 


From Corollary 13.101 and Corollary 13.131 we have the following theorem. 
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Theorem 5.2. Let F be a conformal Lagrangian submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then M is a locally product manifold if 
and only ifAxJY = 0 andTyJW = 0 for X,Y e r((kerF*)^) and V,W E r(kerF,). 


Next we obtain a decomposition theorem which is related to the notion of twisted 
product manifold. 


Theorem 5.3. Let F be a conformal anti-invariant submersion from a Kdhler mani¬ 
fold {M,g,J) to a Riemannian manifold {N,g'). Then M is a locally twisted product 
manifold of the form M(kerF*) Xa ^(kerF,)-^ if only if 

-^g'{V f.jwFJV.F^JCX) = g{TvJW,BX)+g{JW, JV)g{ngia.di\n\ JCX) (5.1) 

and 

g{X, Y)H = -BAxBY + CY{\n \)BX - BH grad In \g{X, CY) - JF*{Vf,xF^cy) 

(5.2) 

forV,W E r(kerF*) andX,Y E r((ker F*)-*-), where ond are integral 

manifolds of the distributions (kerF*)-*- and (ker F*) and H is the mean curvature vector 
field of M(^^,f,)^- 


Proof. For V,W E r(ker F*) and X E r((ker F*)-*-), from (12.Ih . (12.2p . (12.7p and (13. 2 h we 
have 


g{XvW,X) = g{TvJW,BX) + g{nXvJW,CX). 
Since V is torsion free and [V, JW] E r(ker F*), we obtain 


g{XvW, X) = g{TvJW, BX) + g{VjwV, CX). 
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Using fl2.2p and fl2.9p we get 

g{VvW,X) = g{TvJW,BX) + g{VjwJV,JCX). 

Since F is a conformal submersion, using fl2.15p and Lemma 12.41 (i) we arrive at 

g{XvW,X) = g{TvJW,BX) - ^gCHgradlnX, JW)g'{F,JV, F,JCX) 

- 4^CHgradln A, JV)g\F,JW, F^JCX) 

+ g (JVU, JV)^g'{F^ grad In A, F* J CX) + ^g'{V f,jwF^JV,F^JCX). 

Moreover, using Definition 13.11 and fl3.4p we conclude that 

g{WvW,X) = g{TvJW, BX) + g{JW, JV)g{Hgi&d\n\ JCX) 

+ ^g\VF.jwF.JV,F,JCX). 

Thus it follows that M(kerF*) is totally geodesic if and only if the equation flS.ip is 
satisfied. On the other hand, for U, hU G r(kerF*) and X G r((ker F*)-*-), from fl2.ip . 
fl2.2p . fl2.8p . (12.91) and (13.2|) we obtain 

g{VxY, V) = g{AxBY + VVxBY, JV) + g{AxCY + UVxCY, JV). 

Thus from (13. ip we get 

g{VxY, V) = g{AxBY, JV) + g{HVxCY, JV). 

Since F is a conformal submersion, using (I2.15P and Lemma 12.41 (i) we arrive at 

g{VxY,V) = g{AxBY,JV) - ^giUgreidln X,X)g'{F,CY,F,JV) 

- ^gingTad\nX,CY)g\F,X,F,JV) + ^giX, CY)g'{F,{gTad\n X), F,JV) 
+ ^g'{VF.xF,CY,F,JV). 
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Moreover, using Definition 13.11 and (13.4p we derive 

giVxY, V) = g{AxBY, JV) - giHgiM^X, CY)g{X, JV) 

+ g{Ugi8.d\n\ JV)g{X, CY) + ^g'{y f^xF.CY, F^JV). 

Using fl2.2p we conclude that is totally umbilical if and only if the equation 

fl5.2p is satished. □ 

However, in the sequel, we show that the notion of conformal anti-invariant submer¬ 
sion puts some restrictions on the total space for locally warped product manifold. 

Theorem 5.4. Let F he a conformal anti-invariant submersion from a Kdhler manifold 
{M,g,J) to a Riemannian manifold {N,g') with rank(kei F^) >1. If M is a locally 
warped product manifold of the form XA^(kerF*), then either F is horizontally 

homothetic submersion or the fibers are one dimensional. 

Proof. For U, hU G r(kerF*) and X G r((ker F*from fl2.2p and fl2.6p we get 

-X{\nX)g{U,V) = JV{\n X)g{U, JX). 


For X G F(p), we derive 

-X{\nX)g{U,V) = 0. 

From above equation, we conclude that A is a constant on F(yn). For X = JU G 
F(J(kerFi,)) we obtain 

JU{\nX)g(U,V) = JV{\nX)g{U,U). (5.3) 

Interchanging the roles of V and U in fl5.3p we arrive at 


JV(lnX)g(l7,V) = Jl7(lnX)g(V,V). 


( 5 . 4 ) 
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From fl5.3p and fl5.4p we get 

J)7(ln A) = JU(\n (5-5) 

From fIS.Sp . either A is a constant on F(JkerF'*) or F(JkerFi„) is 1-dimensional. Tims 
proof is complete. □ 

Remark 5.5. In fact, the result implies that there are no conformal anti-invariant 
submersions from Kahler manifold {M,g, J) the form Xa Tf(kerF*) to a Rie- 

mannian manifold under certain conditions. 


6. Curvature Relations for Conformal Anti-Invariant Submersions 


In this section, we investigate sectional cnrvatnres of the total space, the base space 
and the hbres of a conformal anti-invariant snbmersion. Let F be a conformal anti¬ 
invariant snbmersion between Kahler manifold M and Riemannian manifold N. We 
denote Riemannian cnrvatnre tensors of M, N and any hbre F~^{x) by Rm,Rn and 
R, respectively. 

Let F be a conformal anti-invariant snbmersion from a Kahler manifold {M,g, J) to 
a Riemannian manifold {N,g'). We denote by K the sectional cnrvatnre, dehned for 
any pair of non zero orthogonal vectors X and Y on M by the formnla: 


K{X,Y) 


R{X,Y,Y,X) 

||x||2||y||2 


( 6 . 1 ) 


We denote sectional cnrvatnres of M, N and any hbre F by Km,K]^ and K 
respectively. 


Theorem 6.1. Let F be a conformal anti-invariant submersion from a Kahler manifold 
{M,g,J) to a Riemannian manifold {N,g') and let Km,K and be the sectional 
curvatures of the total space M, fibers and the base space N, respectively. If X, Y, Z, H 
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are horizontal and U, V, W, F vertical vectors, then 

Km{U, V) = JV) - ^ II V [JU, JV] ||2 -^{^(Vjt;grad(^), JU) 

+ c/(Vjygrad(^), jy)} + ^{|| grad(^) f 

+ II JU{^)JV - JV{^)JU ||2}, (6.2) 

Km{X, Y) = k{BX, BY) + ^Kn{CX, CY) - 7 || V [CX, CF] f 

A"' 4 

+ y{^(CX,CF)^ 7 (Vcygrad(^),C'X) 

- g{CY, CY)g{Vcx grad(^), CX) + g{CY, CX)g{Vcx grad(^), CF) 

- g{CX,CX)g{VcYgrB.d{^),CY)} 

+ ^{{g{CX,CX)g{CY,CY) - g{CY,CX)g{CX,CY)) || grad(^) |p 
+ II CX{^)CY - CY{^)CX ||2}+ II TbxBX -g{TBYBY,TBxBX) 

+ g{{VBxA)cYCY,BX)+ || AcyBX f -g{{V cyT)bxCY, BX) 

- II TbxCY ||2 +g{{VBYA)cxCX,BY)+ || AcxBY 

- g{{XcxT)BYCX, BY)- || TbyCX f (6.3) 

and 

Km(X, U) = Aa-„(CX. JU) - J II V \CX, JU] f 

- ^{s(CX, CX)g(Vjv grad( A), JU) 

+ j(Vcxgrad(A),CJf)} +A{g(CJf,CJf) II grad(A) f 

+ II CA'lAjdC/- J(/(A)CJf f}+9({XBxA)juJU,BX)+ II AjgBX f 

-g({V.,vT)BxJU,BX)- || TbxJU 


(6.4) 
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Proof. Since M is a Kahler manifold, we have Km{U, V) = Km{JU, JV). Considering 
(12.lip and (I6.ip . we obtain 

Km{U, V) = Km{JU, JV) = g{RM{JU, JV)JV, JU) = ^g'{RN{JU, JV)JV, JU) 

+ ^{^(V [JU, JV ], V [JV, JU]) - giy [JV, JV], V [JU, JU]) 

+ 2g{y[.JU,JV],V[JV,JU])} 

+ ^{g{JU, grad(^), JU) - g{JV, grad(^), JU) 

+ g{JV, JU)g{yjugT^y^), JV) - g{JU, grad(^), JV)} 

+ ^{{giJU, JU)g{JV, JV) - g{JV, JU)g{JU, JV)) || grad(^) 

+ g{JU{^)JV - JV{^)JU, JU{^)JV - JV{^)JU)} 

for unit vector fields U and V. By straightforward computations, we get fl6.ip . 

For unit vector helds X and Y, since M is a Kahler manifold and using (13.21) , we have 

Km(X, V) = Km{JX, JY) = Km{BX, BY) + Km{CX, CY) (6.5) 

+ Km{BX, CY) + Km{CX, BY). 

Using (12.111) . we derive 

Km{BX,BY) = g{RM{BX, BY)BY,BX) = g{R{BX, BY)BY,BX) 
+g{TBxBY, TbyBX) - giTBvBY, TbxBX) 

= K{BX, BY)+ II TbxBY -g^BvBY, TbxBX). (6.6) 

In a similar way, using (I2.14p . we arrive at 

Km{CX,CY) = g{RM{CX,CY)CY,CX) = ^^g'{Rx{CX,CY)CY,CX) 
+-^{g{V [CX, CY], V [CY, CX]) - g{V [CY, CY], V [CX, CX]) 
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+2giV[CX,CY],V[CY,CX])} 

+ Y{9(CX,C109(Vorgrad(i),C’Jf)-g(Cy,Cr)9(Vcxgrad(i).CA-) 
+g{CY, CX)g{Vcx grad(l). CIO - g{CX,CX)g(VcY grad(l). CIO} 

+ ^{{g(CX,CX)g(CY,CY) - g(CY,CX)g(CX,CY)) || grad(i) H" 
+9{CX{yJCY - CYijrJCX, CX( j^)CY - CY(^)CX)}. 

Also by direct calculations, we obtain 

Km{CX, CY) = ^Kn{CX, CY) - ^ II V [CX, CY] Ip 

4 

Y^iaiCX, CY)g(XcY grad( A), CX) - g(CY, CY)g{Vcx grad( A). CJf) 
+9(Cr,CA-)9(Vcxgrad(A),cy)-!,(CX,CX)9(VcFgrad(A),cy)} 

+ ^{(g(CX,CX)g{CY,CY) - g(CY,CX)g(CX,CY)) || grad(A) ||2 

+ II CA} A)cy - cy( A)CA, CA( A)CF f }. (6.7) 

In a similar way, using (12.ip we have 

Km{BX,CY) = g{RM{BX,CY)CY,BX) = g{{VBxA)cYCY, BX)+ || AcyBX Ip 
- g{{VcYT)BxCY, BX)- || TbxCY f . (6.8) 

Lastly, since M is a Kahler manifold and using (I2.13p we obtain 

Km{CX, BY) = Km{BY, CX) = g{RM{BY, CX)CX, BY) = g{{VBYA)cxCX, BY) 
+ II AcxBY ||2 -g{{VcxT)BYCX, BY)- || TbyCX . (6.9) 


Writing fl6.6p . fl6.7p . fl6.8p and fl6.9p in fl6.5p we get fl6.3p . 
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For unit vector fields X and [/, since M is a Kahler manifold and from fl3.2p . we have 
Km{X, U) = Km{JX, JU) = Km{BX, JU) + Km{CX, JU). (6.10) 
Using (12.1311 . we get 

Km{BX, JU) = g{RM{BX, JU)JU, BX) = g{{V bxA)juJU, BX)+ || 
-g{{VjuT)BxJU,BX)- || TbxJU |p . 

In a similar way, using fl2.14p we obtain 

Km{CX, JU) = g{RM{CX, JU)JU, CX) = ^g'{RN{CX, JU)JU, CX) 
+^{g{V [CX, JU], V [JU, CX]) - g{V [JU, JU], V [CX, CX]) 

+2^(V [CX, JU], V [JU, CX])} 

+ y{^(CX, JU)giXjugTadi^),CX) - giJU,JU)giXcxgTad{^),CX) 
+g{JU, CX)^(Vcxgrad(^), JU) - g{CX, CX)^(Vjf/grad(^), JU)} 

+ ^{{giCX,CX)giJU,JU)-giJU,CX)giCX,JU)) || grad(^) f 
+ ||CX(l)JC-JC(^)CX|p}. (6.12) 

If we write (16.lip and (I6.12p in (l6.1Up and arranging the equation, we get (16.4p . □ 

From Theorem 16.11 we have the following results. 

Corollary 6.2. Let F be a conformal anti-invariant submersion from a Kahler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

KiU,V) < lx^(JC, JU) - ^{^(Vjc;grad(^), JC) +^(Vjvgrad(^), JU)} 

+ ^{|| grad(^) f + II JC(^) JU - JU(^) JC H^} + g{TvV, TuU) 
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for U,V E r(ker F*). The equality case is satisfied if and only if the fibers are totally 
geodesic and JkerF* is integrable. 

Proof. From fl6.2p . we have 

Km{U, V) = JV) - ^ II V [JU, JV] f -^{^(Vjf;grad(^), JU) 

+ ^(Vjy grad(^), JV)} + ^{|| grad(^) f + || JU{^)JV - JV{^)JU |p}. 

Using ([IE], Corollary 1, page: 465), we get 

k(U,V)+ II TuV f -g(TvV,TuU) = fiKMJU.JV) - } || V\.JU,JV] |p 

- Y{9(Vji7grad(4)_ J[/) + j(Vj,,giad(4)_ JV)} 

+ y{II grad(4) 11= + II JU[T)JV - JV(fi)JU f} 

(6.13) 

which gives the assertion. □ 

We also have the following result. 

Corollary 6.3. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

k{U,V) > ^K^{JU,JV) - ^ II V[JU, JU] IP -^{^(Vjc/grad(^), Jf/) 

+ (7(Vjv'grad(^), JU)}- II TuV |p +g{TvV,TuU) 

for U,V E r(kerF,). The equality case is satisfied if and only if F is a homotetic 
submersion. 
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Corollary 6.4. Let F he a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

Km{X, Y) > k{BX, BY) + ^Km{CX, CY) - ^ || V [CX, CY] 

+ y{^?(CX,CF)<7(Vcygrad(^),C'X) 

- g{CY, CY)g{Vcx grad(^), CX) + g{CY, CX)g{Vcx grad(^), CF) 

- g{CX, CX)^(Vcy grad(^), CF)} 

+ ^mCX, CX)g{CY, CY) - g{CY, CX)g{CX, CY)) || grad(^) f} 

- g{TBYBY, TbxBX) - g{{V cyT)bxCY, BX) + g{{V bxA)cyCY, BX) 

- II TbxCY f +g{{X byA)cxCX,BY) - g{{XcxT)BYCX,BY)- || T^yCX 

for X, F 6 r((ker F*)-*-). The equality case is satisfied if and only if TbxBX = 0, 
AqyBX = 0 and CX(^)CF — CF(^)CX = 0 which shows that either fi is one 
dimensional or \ is a constant on ja. 

Proof. By direct calculations and using fl6.3p we arrive at, 

Km{X, Y)- II TbxBX Ip - || AcyBX Ip - || CX(1)CF - CF(1)CX f 

= k{BX, BY) + 4^iv(CX, CF) - 7 II V [CX, CF] f 

4 

^{-g{CY, CY)g{ycx grad(^), CX) + g{CY, CX)g{ycx grad(^), CF) 

-g{CX, CX)g{VcY grad(^), CF) + g{CX, CY)g{VcY grad(^), CX)} 

+ ^{(^(CX,CX)< 7 (CF,CF) - < 7 (CF,CX)< 7 (CX,CF)) II grad(^) H^} 

-g{TBYBY, TbxBX) - g{{VcYT)BxCY, BX) + g{{V bxA)cyCY, BX) 

- II TbxCY Ip +g{{V byA)cxCX, BY) - g{{VcxT)BYCX, BY)- || T^yCX f 
+ II AcxBY f . 
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This gives the inequality. For the equality case || TbxBX |p + || AqyBX |p + || 
CX{^)CY - CY{X)CX || 2 = 0. Hence we obtain TbxBX = 0, AcyBX = 0 and 
CX{^)CY — CY{^)CX = 0 which shows that either fi is one dimensional or A is a 
constant on fi. □ 

In a similar way, we have the following result. 

Corollary 6.5. Let F he a eonformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

Km{X,Y) < k{BX,BY) + ^Kx{CX,CY) - ^{g{CX,CY)g{V cy gr8^d{^),CX) 

- g{CY, CY)g{Vcx grad(^), CX) + g{CY, CX)g{Vcx grad(^), CF) 
-^(CX,CX)^7(Vcygrad(^),CF)} 

+ ^{{g{CX,CX)g{CY,CY) - g{CY,CX)g{CX,CY)) || grad(^) |p 
+ II CX{^)CY -CY{^)CX ||2}+ II TbxBX f -g{TBYBY, TbxBX) 

+ g{{XBxA)cYCY,BX)+ || AcyBX -g{{X cyT)bxCY,BX) 

+ 9{{SbyA)cxCX,BY)+ II Acx BY ||2 -g{{XcxT)BYCX,BY)- || TbyCX 

for X,Y E r((ker F*)-*-). The equality case is satisfied if and only ifTBxCY = 0 and 
[CX,CY] e T{n). 

Corollary 6.6. Let F he a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

Km{X, U) > ^Kn{CX, JU) - ^ II V [CX, JU] ||2 
- y{^(C'X,CX)^7(Vjc/grad(^), JF) 

+ g{Vcx grad(^), CX)} + g{{X bxA)juJU, BX) 
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-g{{yjuT)BxJU,BX)- II TbxJU f 

for X G r((ker F*)-*-) and U G r(kerFi<). The equality case is satisfied if and only if 
AjuBX = 0, grad(^) = 0 and F horizontally homothetic submersion. 

Proof. By straightforward computations and using (16.dh we obtain, 

Km{X,U)- II AjuBX ||2 -^{g{CX,CX) || grad(^) f 
+ II CX{^)JU - JU{^)CX ||2} = ^Kn{CX, JU) - ^ II V [CX, JU] IP 
-^{g{CX, CX)^(Vjc;grad(^), JU) + g{Vcx grad(^), FX)} 

+g{{V bxA)juJU,BX) - g{{V juT)bxJU,BX)- || TbxJU |P . 

This gives the inequality. For the equality case || AjuBX |p +^{g{CX,CX) || 
grad(^) IP + II CX{j^)JU - JU{^)CX |p} = 0. Thus we derive AjuBX = 0 
and grad(^) = 0, CX{^)JU — JU{^)CX = 0 which shows that F is horizontally 
homotetic. □ 

Finally we have the following inequality. 

Corollary 6.7. Let F be a conformal anti-invariant submersion from a Kdhler manifold 
{M,g, J) to a Riemannian manifold {N,g'). Then we have, 

Km{X, U) < ^K^{CX, JU) - ^{g{CX,CX)g{VjugT^d{^),JU) 

+ g{Xcx grad(^), CX)} 

+ ^{^(CX, CX) II grad(l) |p + || CX{^)JU - JU{^)CX |p} 

+ g{{VBxA)juJU,BX)+ || AjuBX |p -g{{X juT)bxJU,BX) 

for X G F((ker F.)-*-) and U G F(kerF,). The equality case is satisfied if and only if 
TbxJU = 0 and [CX, JU]eH. 
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